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In this paper, the concept of the basis matrix
of B-splines is presented. A general matrix
representation, which results in an explicitly
recursive matrix formula, for nonuniform B-

spline curves of an arbitrary degree is also
presented by means of the Toeplitz matrix.
New recursive matrix representations for
uniform B-spline curves and Bézier curves
of an arbitrary degree are obtained as special
cases of that for nonuniform B-spline curves.
The recursive formula for the basis matrix
can be substituted for de Boor-Cox’s formula
for B-splines, and it has a better time com-
plexity than de Boor-Cox’s formula when

used for computation and conversion of B-
spline curves and surfaces between different
CAD systems. Finally, some applications of
the matrix representations are given in the

paper.
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1 Introduction

Matrix theory and its algorithms are very useful
in computer-aided geometric design, since the ma-
trix is an important and basic tool in mathematics.
Matrix formulas of B-spline curves and surfaces
have the advantages of both simple computation of
points on curves or surfaces and their derivatives
and of easy analysis of the geometric properties of
B-spline curves and surfaces. In 1982, Chang [1]
gave the matrix formula of Bézier curves. Cohen and
Riesenfeld [5] gave matrix formulas, not only for
Bézier curves but also for uniform B-splines of an
arbitrary degree in 1982. In 1990, Choi, Yoo, and
Lee [2] proposed a procedure to symbolically eval-
uate a matrix for a B-spline curve using Boehm’s
knot-insertion algorithm [14]. Grabowski and Li [3]
in 1992, and Wang, Sun and Qin [4] in 1993 got
the matrix by analogous approaches instead of an
explicit formula. In fact, Grabowski and Li rewrote
the de Boor-Cox recursive formula in a polyno-
mial form so that the polynomial coefficients can
easily be collected into the matrix. At present, an
explicit matrix formula for nonuniform rational
B-spline (NURBS) curves has not been found, al-
though the matrix representation can be obtained by
algorithms.

In this paper, a generalized recursive matrix for-
mula for NURBSs is presented, and new matrix
formulas for uniform B-splines and Bézier curves
are obtained. Some applications are given in the
paper, too.

The organization of this paper is as follows: Sect. 2
describes how to represent the de Boor-Cox for-
mula for B-splines using the Toeplitz matrix [7].
In Sect. 3, general matrices for B-spline curves are
proposed. New recursive matrix formulas for rep-
resenting uniform B-splines and Bézier curves are
obtained as special cases of the basis matrix for-
mula of NURBS curvesin Sect. 4. Some applications
are shown in Sect. 5. Finally, conclusions are given
in Sect. 6.

2 Representing the de Boor-Cox
formula by the Toeplitz matrix

First of all, let us look at how to represent a poly-
nomial and a product of two polynomials using the
Toeplitz matrix [7]. The Toeplitz matrix representa-
tion of de Boor-Cox formula for B-splines will be
introduced afterwards.
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2.1 The Toeplitz matrix

One can obtain

The Toeplitz matrix is one whose elements on any
line parallel to the main diagonal are all equal.
A banded Toeplitz matrix is defined as follows:

™ aQ o1 -+ Og 0 7
o_1 op Os

T= as
o_y¢ o1
| O o A | a0

For example, a special Toeplitz matrix, or a lower tri-
angular matrix

ao 0
a a
T=
an_1---
| 0 an-1--- & ao|

f(x) = g(x)q(x)
- e 0 - .
C1 Co g‘l)
=X|Cmo1--- dn—1
0
s || g
i 0 Cmfl”’CICO_ L .
- o 0 -
C1 Co
do
Co ds
= X : . .
Cm—-1 Cm—2--* Cm-n dn'—l
Cm—1 °
. Cm-2
. 0 Cm—1_
where X = [1x x2-.-x™1=2]_ This is the Toeplitz

matrix representation of the product of two polynomials.

can be constructed by the coefficients of a polyno-

mial

f(X)=ag+ar1X +axX?+ . . . +an_1x""1 (an_1 # 0).

2.2 Representing the product of two
polynomials using the Toeplitz matrix

Let

9(X) = Co+C1X+Cox2 4. . . 4 C_1x™ 2
(Cm-1#0),

q(X) = dg+dix+ de2 4+ 4 dn,lx“_l

(dn—l 5’é O)-

2.3 Representing the de Boor-Cox formula
using Toeplitz matrix

The B-spline first introduced by Schoenberg [9] has
been used in various fields such as computer-aided
design, computer graphics, numerical analysis, and
so on. The normalized local support B-spline basis
function of degred& — 1 is defined by the following
de Boor-Cox recursive formula [6, 10], thatis

Bj k(D=

Bjk—a(t )+t Bjt+1.k—1(D);

+|<1t +kt+1

1,
0,

_ _ telt,tiv);
B = { t [t tiya)
1)

with the convention 00 = 0. By means of basis
translation from B-spline to power basis [11, 12],
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Bj.k—1(u) can be represented as follows:

Bjk_1(U)=[1uu?---u

oty

k—2]

— K—1 -]
No’J

k-1
Nl,J

k—1
| N2 |

,uel0,1).

Thus, (1) can be rewritten by the Toeplitz matrix:

Bj,k(u) =(do,j +udy ) Bj k—1(u)

+ (ho,j +Uh1,j)Bj+1,k—1(U)

+
whereu = ti:t_‘ti ;
t| t;
doj = )
tjtk—1—1;
tiyk—1
ho,j = —"—
itk —tj+1

Uk

k—1
No,jT1

k—1
N1t

k—1
N5 41
0

uel0, 1),

hyj=

with the convention 00 = 0.

— k_l —_
k=1 nk—1
Nl,j No,j

k-1
Nl,]

0 -
k-1
NO,j+1

k-1
Nyt

k-1
N2 1]

G —fi
tipk—1—tj

oty
itk —tj4+1

)

3 General matrices for NURBS
curves and surfaces

B-spline basis function8; k(t) are piecewise poly-
nomials of degre&k— 1. If t € [tj, tj+1), ti < tit1,
there arek B-spline basis functions of degrée- 1
that are nonzeroBjk(t), j = (@i —k+1), (i —k+
2),...,i. They can be represented in a matrix equa-
tion as follows:

| Bi—ks1.k(W) Bi—k2k(U) - - Bi k(W) |
=[1ud?- - UMK, (3)

whereu = (t —t;)/(ti+1—t), ue [0, 1),

- Nk k K ]
Noi-kt1 Noi-krz ~= Noj
k k k
Niicktr Niiokez - N

MK(i) =

k k k
| Nkc 1ok s Nkc kg2 Nicai

andt; are the knots.
Let V;j be the control vertices of a B-spline curve.
The B-spline curve segmentis:

Ci—k+1 = [Bi—k+-1,k(U) Bi_kg2.k(U) - - - B k(W]

[ Vikt1 |
Vi—k+2
X

| Vi

[ Vi—ks1 ]
X 11 Vi—k+2
= [1ud?. - UMKy : (4)

L Vi

whereu = (t —tj)/(ti+1—t), ue [0, 1).
MK(i) is referred to as théth basis matrix of the
B-spline basis functions of degrke- 1.
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3.1 Recursive formula for basis matrices of k—2
B-splines of degree k — 1 % |0 doj—ki2 0---0

o | 0 dyjk2 0---0
Theorem 1. Theith basis matrixM*(i) of B-spline
basis functions of degrde— 1 can be obtained by

arecursive equation as follows: [ Ngjl 0
MK(i) = MK=1() Nyi~ Noj K1
- 0 : k—1 -
+- 4+ o Ng; 0---0do,
1-doi—k+2 doi—k+2 0 o1 0---0 di
1—do,i —k+3do,i—k+3 N2
X : : k-1
" - 0 N3
0 1-do; do;
0 - k=1 -
+ K—1,: NO,ifk+2 0
M=) k—1 k—1
Nk NKk—
—dyi—k42 dii—ks2 0 Li—k+2 NoiZke2 1
. ) ——
o _d1,|7k+3 d1,|fk+3 ’ + le;ik-i-Z hO,ikarl 0---0
: . = hii—ky1 0---0
0 —dyj dyj k—2,i —k+2
M) = [1]. L0 NG ko
(5)
Proof. Substituting (2) into (3) yields: " NS s 0 ]
k—1 k—1
[ Né}}kH 0 ] NiiZkes  Noi-kis k-2
—
k—1 k—1 : k—1 .
NiiZksr NojiZera + : Niitkys || Ohoi-ke2 0---0
K@iy = : k-1 k-1 Ohij—k+2 0---0
M™() = : N17i7k+1 Nk—2,i—k+3
k—1
NES ia 0 N5 gya
0 N3k
—2,i— _ — k—1 —_
No,it1 0
B k—1 k—1 k—1
— e, Nl,i+l NO,i-i—l K—1
X d0,i—k+1 0---0 ] 1 —_——
diik+1 0---0 Tt : Niits 0---0hoj
- 1 0---0 hy;
— Nkfl O - Nk*Z,i*l’l
0,i—k+2 0 Nkil
k—1 k—1 k—2,i+1]
NiiZkr2 NojiZkez '
: k—1
+ - N1 iZkto o
Since it is well known by means of the local property
le(:%,ifk+2 of B-splines [11, 12] that the first term and the last

0 Nk term of the right-hand side of this equation are equal
k—2,i —k+2- to zero, omitting them yields
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- k-1 = _ _
Noi “ki2 0 ho,i—k+1 do,i—k+2 0
k—1 k—1
NiiZk2  NoiTkiz MK} ho,i—k+2 do,i—k+3
MKGi) = N2 Lo
k—1 0 ho,i—1 do
N2 k2 L 0,i—100;i |
k—1 ~ -
0 Neloi ko N1i—kt1 dui—k+2 0
B k-2 0 h1i—k+2 dii—k+3
x | hoji-k+1 do,i—k42 0---0 + Mk—L(i)
hyi dij_ks20---0
: l,|k k1+1 1,i—k+2 ) i 0 hl,i—l dﬂ_
No,iZkt3 0 _
k-1 NK-1 Notice thathy j_1 = —dy j, hg,j—1=1—do j, and
Li—k+3  TN0i-k+3 M1(i) = [1]. Thus, (5) holds.
k-1 U
+ NiiZkss
1 Equation 5 can be regarded as a recursive definition
Nk 50 ki3 of basis matrices. It can be used for both analysis of
0 Nk-1. “NKSL 0 properties of NURBS curves and surfaces, and nu-
k=2.i—k+3- | 70 merical or symbolic computation of NURBS curves
s NiTt NGt | andsurfaces.
[ \ k—1
x |0ho,i—kt+2 doji—k+3 O---O 4. ..+ Ny7
Ohyi_ks2 diikes O---0 NET 3.2 Examples of symbolic computation
k—2,i :
k—2 0 le(:%| Using (5) for the symbolic computation, when=
« 0...0 ho.i_1 doi (t—1t)/(ti+1—1) € [0, 1) one can easily obtain the
’ ’ following basis matrices:
0---0hgi—1dyj
ti 11 t—ti—1
tiy1—ti—1 tip1—tia 0
. . 10 . —2(tji11—t) 2(ti11—ti)
ML) =[1], M%) = [_1 1} C M= g5 fFve ey o 1
ti1—t; _ : 1 tipa—t
tirl—l—till —(tiy1 1) [ti+1—ti—1 ] tirzrl—till
(tiz1—t)? _ _ (ti—ti—1)? T
Tt oGt M0~ M2 G, D 0
_ _ 31—t ti—ti—1)
M4(i) _ 3Mo.0 3Mo,0 — My.2 (ip2—ti—D) (Gip1—ti—1) 0
- _ _ 3(ti41—t)?
3Mo,o0 3Mo,0 —M2,2 (ti+2—ti—D)Gi+1—ti-1) 0
(tip1—t)?
L —Mo,0 Mo,0 — M3 2—M33 mgz 2 Tra—t) =)
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where Unlike the basis matrices of NURBSSs, the basis ma-
) trices of uniform B-splines of degrée- 1 are inde-
M3 2 =—m22/3—mMg3— (tit+1—1)"/ pendent of;.

[(tis2—t)(tiao—ti_1)], Using (7) recursively step by step, one can also ob-
_ _ _ tain the following matrix:

mj,j = elementinrow, columnj.

Moo Mo -+ Mok-1

Mio My1 --- Mik-1
_ _ _ M= . . : ®)
4 Special cases of basis matrices 1 Pt
Mk—1,0 Mk—1,1° -+ Mk-1k-1
It is well known that a B-spline curve with equally \yhere
spaced knots is referred to as a uniform B-spline

curve; and a B-spline curve with the knot vector,
P m; j = Gt 'Z( b
K K (k 1)'
{ao’ ,ap, ai, - aal} (a0<a1)’ x C k (k—S—l)k_l_i,
i L. i n!
is regarded as a Bézier curve. Analogously, the ba-C|, = o -
sis matrices for uniform B-spline curves and Bézier Hn—nt
curves can be obtained by (5) using the correspondoth (7) and (8) can be used to calculate the basis
ing knot vectors. matrices of uniform B-splines. Several examples of
basis matrices for uniform B-splines are given as fol-
4.1 Basis matrices of uniform B-splines lows:
1_ [1

ing between the knots is equal, sgy— t,—,’l =1 M2= [ 0]
=11l

Thus, one has 1
o r1 1
do.j = =1 6 M=5|-2 2 8]
dhj = 1. 211 —21
1 4 1
Substituting (6) into (5), one can get: M4 1|/-3 0 30
Theorem 2.The basis matrices of uniform B-splines ~ 3! | 3 —6 3 0}’
satisfy the following recursive formula: -1 3 =31
" 1 11 11 1
1k-2 0 ] 1]1-4-12 12 40
1 Mk-1 2 k-3 M = 6 -6 —6 6 0].
MP==2 || o ‘-4 12 -12 4 0
0 . 'l 0 1 -4 6 -41
-1 1 0
0 -11 . . .
+ |:Mk_ 1} o , 4.2 Basis matrices for Bézier curves
0 _i 1 Suppose that the knot vector of a B-spline curve of
1] degre&k — 1 is as follows:

k k
{0’...,0, 1”1}

fu=(@t—-1t)/(ti;1—1t), uel0,1).
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Thus,
1 0 O
do,j =0, s |-33 00
{dl’jzl- @ M'=13 _6 3 o
-1 3 -31
Substituting (9) into (5), one can obtain: B
1 0 0 0
Theorem 3.The basis matrices of Bézier curves sat- -4 4 0 00
isfy the following recursive formula: M>=| 6 —-12 6 0 Of,
-4 12 —-12 4 0
11 0 1 -4 6 -41
(s I V| I FR I d
0O O Mk—l ’ _5 5
0 11 M6 — 10 —20 10
ML [1] =|-10 30 —30 10
5 —-20 30 —-20 5
(10) 1 5 -10 10 -51

fu=@t—-t)/(ti1—1t), uel0,1).

Like the basis matrices of uniform B-splines, the ba-

sis matrices of Bézier curves of degkee 1 are inde- o
pendent of;. 5 Applications
Using (10) recursively step by step, one can also ob-

tain the following matrix for Bézier curves easily:

m 0 There are many applications of the basis matrices in

Mo Mg practice. Some of them are given in this section.
MK = 3 - , (11)

M 10 M1t - Miket 5.1 Computation of derivatives of NURBS
curves
where
S Assume there is a NURBS curve of degkeel.
DTG G iz

mi,j = {o, : i<j. Gk (U) = UMKV, i=k—1,k, ... ,n,

u=(t—t)/(tiy1—t), uel0,1) (12

MK is a lower triangulan x n matrix.
Both (10) and (11) can be used to calculate the bas
matrices of Bézier curves. Several examples of th

%efined over the knot vectdr = {tg, t1, ..., thak},
gvhere

basis matrices for Bézier curves are given as follows: Vi_ki1
: Vikt2
MI=[1], Uk=[1ud® - a1, vhiy = |
,_[10 v
=)
Then

1 0
M3=|-2 2 0], an 4 o
1 —23 Wcikarl(U): [wu"] MK VK@),
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where derivatives, od"(U¥)/du", can easily be After its degree is elevated by 1, a segment of
computed for instancedU*/du=[01 2u...(k— B-spline curve of degrele— 1 defined by (12) can be
1uk2. rewritten as follows:

k .
5.2 Computation of derivatives of NURBS Ci_kp1 = UKL [M O(I)] VK

curves
— Uk+1Mk+1(i)Vk+1(i) (13)

Fora NURBS curve of degrée- 1 ] ]
Thus, one can obtain the control vertices for the

Ci_ke1(U) = UKMK(i) PG JURMR ) WK (D) degree-raised curve:
A
O<u=(t—t)/(tip1—t) <1 VD =M T VED. a4
where Suppose that there is a B-spline curve of deggred
Wi ke 1Vi_k Wik with control verticesvi, (i =0, 1,..., n) defined
w:_ki;\/:_kj:; w:_kj: over a knot vector
K - - K -
PX(i) = : WK | 5 .
w;i Vi Wi {totl"‘tk—ltk'"tktk+1“‘tk+1"'
The derivatives of a NURBS curve with respect to Sm
u can easily be obtained since the basis matrixes are tkem—1 - - - tkem—1 th+1 the2 tn+k},
independent af.
an n o di a-i 1 wheres; +Sy+. .. +5Sn=n—k+ 1. Inorder for de-
——C_ky1(U) = Z ( > R(u) — gree raising of the whole curve by 1, the multiplic-
dun s dul du™J S(u) ity of each interior knot has to be added by 1 using

a knot-insertion algorithm [8, 13, 15], so that the knot
Frequently used are the first and the second derivaector becomes as follows:

tives of NURBS curves:
g R d X si+1 S+1
Eci,kﬂ(u) Su? dus( )+ %d_ R(u), {t—ltotl R U R ') VS I (K
2 Sm+1
025 k+1(U) = R(U) { U3 [du S(U)] trm—1 - tkrm—1 1 T2 Tk tn+k+1}-
1 d? Then, a B-spline curve of degree k can be ob-
- S(T)zws(u)} tained with degree raising of all the segments of
the curve using (14). This idea for degree raising of
2 R(U )—S(u) B-splines is feasible, butitis less efficient than the el-
- Su)? du egant method for degree raising of B-splines in [13]
5 and [15].

+ 5o g R
Su) du 5.4 Degree reduction of B-spline curves

5.3 Degree raising for NURBS curves Degree reduction of B-spline curves is a difficult
problem, since, generally, a B-spline curve of de-
Degree raising for NURBS curves is a common techgree k cannot be precisely represented by a curve of
nique in CAGD. The basis matrix of B-splines can bedegreek — 1. Of course, it can be approximated by
used for degree raising of B-spline curves. a B-spline curve of a lesser degree. One can obtain
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Table 1. Comparison of the three methods
An arbitrary orden(k) k=4
Tmultiplication Tdivision Tadditon  Tmultiplication Tdivision  Tadditon =~ Sumtotal Percentage
(= Taddition)
k k k

Choietal. [7] ~ ¢4 &d-a 44 5376 5376 5376 17418 12266

Grabowski and Li [3] #C=82k k&gl  (GE-k+Ik 56 28 126 220 155

2 2
The new method ~K=8kr2k gy @CEkIk 56 12 66 142 100

the least-square solution of this problem for a segin [3] in numerical evaluation as well as the de Boor-
ment of B-spline curve using (13) Cox formula. Assume that the execution tinTesat-
1 iSfy [2] Taddition ngsubtraction Tmultiplication = devision
Vk(i) _ [ [[Mk(i)]T 0] [Mk(i)] ] and Tmuttiplication = 1.12Taddition _The comparison of
= 0 the three methods for the basis matrices of NURBS
T kel of degreek — 1 is shownin Table 1.
x [[M 0] o] [MKHL )] VR,

Acknowledgement3his project was supported by the National Natural
A . . cience Foundation (NSF) of China.
Similarly, one can obtain the least-square solution of (NSP)

this problem for a whole B-spline curve.
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